Abstract. We show injectivity of the geodesic X-ray transform on piecewise constant functions when the transform is weighted by a continuous matrix weight. The manifold is assumed to be compact and nontrapping of any dimension, and in dimension three and higher we assume a foliation condition. We make no assumption regarding conjugate points or differentiability of the weight. This extends recent results for unweighted transforms.
Introduction
This article studies the weighted geodesic X-ray transform with injective matrix weights on nontrapping Riemannian manifolds with strictly convex boundary. This operator arises in many applications, and one of the basic questions is if the weighted line integrals over all maximal geodesics determine an unknown function. We show an injectivity result for a class of piecewise constant functions under the assumptions that the manifold admits a strictly convex function and the weight depends continuously on its coordinates on the unit sphere bundle. In two dimensions, the result follows for nontrapping manifolds with strictly convex boundary.
Let (M, g) be a compact nontrapping Riemannian manifold with strictly convex boundary. We denote by SM the unit sphere bundle and by Γ the set of maximal unit speed geodesics. The all geodesics have finite length by assumption. We say that M is nontrapping if every geodesic in Γ has finite length.
The geodesic X-ray transform with matrix weights is defined as follows. Fix some integers m, k ≥ 1 and denote the set of linear injections (monomorphisms) C k → C m by Mon(C k , C m ), which is a subset of the space Lin(C k , C m ) of all linear maps. If k = m, we have Mon(C k , C m ) = GL(C, k), and for m < k we have Mon(C k , C m ) = ∅. The geodesic X-ray transform with weight W ∈ C(SM, Lin(C k , C m )) is defined so that it maps a function f :
for any maximal geodesic γ : [0, τ ] → M whenever the integral is defined. Injectivity of I W for smooth functions was established by Paternain, Salo, Uhlmann, and Zhou [PSUZ16] if dim(M ) ≥ 3, (M, g) admits a smooth strictly convex function, and W ∈ C ∞ (SM ; GL(k, C)). The result in [PSUZ16] is based on the methods developed in the work of Uhlmann and Vasy [UV16] . In this paper we consider a special case of the matrix weighted X-ray transform for the piecewise constant vectorvalued functions. We gain more flexibility on geometrical assumptions and the proof is considerably simpler, but at the expense of only having the result for a restricted class of functions. Injectivity was shown recently in the case of piecewise constant functions without weights by Ilmavirta, Lehtonen, and Salo [ILS18] , and reconstruction was studied in [Leb19] . Our main theorem is the following. Theorem 1.1. Let (M, g) be a compact nontrapping Riemannian manifold with strictly convex smooth boundary and W ∈ C(SM ; Mon(C k , C m )). Suppose that either (a) dim(M ) = 2, or (b) dim(M ) ≥ 3 and (M, g) admits a smooth strictly convex function. If f : M → C k is a piecewise constant function and
There is also a local version of theorem 1.1; see theorem 2.6. Remark 1.2. The result can be generalized by replacing C k and C m with two Banach spaces and letting W be an invertible linear map depending continuously on the coordinates on the sphere bundle SM .
Remark 1.3. The functions f : M → C k are vector-valued in the sense that they are sections of the trivial bundle M × C k . We do not study geodesic X-ray tomography of vector fields or higher order tensor fields. Theorem 1.1 generalizes results of [ILS18] for the matrix weighted X-ray transform similar to the one studied in [PSUZ16] . Our theorem holds if dim(M ) ≥ 2, W ∈ C(SM ; GL(k, C)), and functions are piecewise constant in comparison to [PSUZ16] where it is assumed that dim(M ) ≥ 3, W ∈ C ∞ (SM ; GL(k, C)) and functions are smooth. In the Euclidean space R n with n ≥ 3 injectivity is known for C 1,α weights [Ilm16] but there is an example of non-injectivity for W ∈ C α by Goncharov and Novikov [GN17] . Boman constructed an example of a smooth nonvanishing weight on the plane for which the weighted X-ray transform for smooth functions is non-injective [Bom93] . Theorem 1.1 shows that there are no such counterexamples for piecewise Table 1 . Is the X-ray transform injective on manifolds that admit a strictly convex function? The answers in various different cases are summarized below. Here "PWC" stands for piecewise constant. A "Yes!" with an exclamation mark is a new result proven here. In two dimensions injectivity is known on simple manifolds, but the foliation condition does not imply simplicity.
constant functions. The known results -including the new ones obtained here -are summarized on Table 1 . We will prove Theorem 1.1 in Section 2. We remark that Theorem 1.1 is based on an generalization of [ILS18, Lemma 4.2] whereas the rest of the proof is almost identical to the one in [ILS18] . The method in [ILS18] relies on existence of a strictly convex foliation as in the works of Stefanov, Uhlmann, and Vasy [UV16, SUV17] , but the method of proof is far simpler. For a further discussion on the foliation condition see [PSUZ16] and references therein.
The matrix weighted X-ray transform is related to recovering matrix valued connection from its parallel transport [FU01, Nov02a, PSU12, GPSU16, PSUZ16]. It has also applications in polarization tomography [Sha94, NS07, Hol13] and quantum state tomography [Ilm16] .
One source of weights is pseudolinearization, a procedure where a nonlinear problem is reduced to a linear problem with weights depending on the unknown. For a more detailed description of the idea, first appearing in [SU98, SUV16] (see e.g. [IM19, Section 8]). Pseudolinearization also leads to an iterative inversion algorithm [Ilm16, SU98, SUV16] .
A boundary reconstruction of the normal derivatives of a function from the broken ray transform reduces to a certain weighted geodesic ray transform on the boundary [Ilm14] . Some weights can be realized as attenuation, but we make no such assumptions on W . The attenuated X-ray transform (see e.g. [ABK97, Nov02b, SU11, AMU18]) is a wellknown special case of the matrix weighted X-ray transform and it is the mathematical basis for the medical imaging method SPECT (see e.g. the survey [Fin03] ). 2. Proof 2.1. Definitions. We follow the notation of [ILS18] , and any details omitted here can be found there. We review the main concepts here in a somewhat informal manner. A regular m-simplex on a manifold M is a C 1 -smoothly embedded standard m-dimensional simplex. We denote n = dim(M ). A regular tiling of a manifold is a collection of regular n-simplices which cover the manifold, whose interiors are disjoint, and whose boundaries align nicely. An example is given in Figure 1 . A piecewise constant function is such that the values are constant in the interior of every simplex and zero on their boundaries. The geometry of corners of simplices is important for our argument, and we review the crucial definitions in more depth.
Definition 2.1 (Tangent cone). Let ∆ be a regular m-simplex in M with 0 ≤ m ≤ n = dim(M ), and let x ∈ ∆. Let Γ = Γ(x, ∆) be the set of all C 1 -curves starting at x and staying in ∆. The tangent cone of ∆ at x is the set (2.1)
Definition 2.2 (Tangent function). Let f : M → C k be a piecewise constant function and x ∈ M with respect to a regular tiling. Let ∆ 1 , . . . , ∆ N be the simplices of the regular tiling that contain x. Denote by v 1 , . . . , v N ∈ C k the constant values of f in the interior of these simplices. The tangent function T x f : T x M → C k of f at x is defined so that for each i ∈ {1, . . . , N } the function T x f takes the constant value v i in the interior of the tangent cone C x ∆ i . The tangent function takes the value zero in
We stress that the tangent function is not a derivative, as a piecewise constant function is typically not differentiable at the points of interest. Instead of linearizing the function, we linearize the geometry of the simplices and keep the constant values of the function.
2.2.
Lemmas. In this subsection we recall a key lemma proved in [ILS18, Section 4] and use it to prove a new lemma.
Let M be a C 2 -smooth Riemannian surface with C 2 -boundary. Suppose the boundary ∂M is strictly convex at x ∈ ∂M . Let γ i , i = 1, 2, be two unit speed C 1 -curves in M starting nontangentially at x so that | γ 1 (0),γ 2 (0) | < 1.
Let r > 0 be such that B(x, r) ⊂ M is split by the curves into three parts. Let A be the middle one. Let σ i , i = 1, 2, be the curves on T x M with constant speedγ i (0) respectively. Let S be the sector in T x M laying between σ 1 and σ 2 .
If h > 0 and if v ∈ T x M is an inward pointing unit vector, let the geodesic γ h v be constructed as follows: Take a unit vector w normal to v at x -which is unique up to sign -and let w(h) be its parallel transport along the geodesic through v by distance h. Let γ h v be the maximal geodesic in the direction of w(h). Let σ h v be the corresponding line hv + wR in T x M . We denote by ν ∈ T x ∂M the inward pointing unit vector of ∂M at x.
We restate a lemma from [ILS18] for convenience.
Lemma 2.3 ([ILS18, Lemma 4.1])
. Let M be a C 2 -smooth Riemannian surface with C 2 -boundary, which is strictly convex at x ∈ ∂M . There exists an open neighborhood U of ν such that for every v ∈ U we have
Lemma 2.3 allows us to reduce the local problem of Theorem 1.1 into the corresponding local problem in the tangent space. We next state a generalization of [ILS18, Lemma 4.2] for the class of piecewise constant vector-valued functions with matrix weighted integrals.
Lemma 2.4. Let M be a C 2 -smooth Riemannian surface with C 2 boundary, which is strictly convex at x ∈ ∂M . LetM be such an extension of M that x ∈ Int(M ). Let ∆ ⊂ M be a regular 2-simplex so that 
Proof. By linearity we can assume that f is constant in ∆. A piecewise constant function is a linear combination of characteristic functions of interiors of simplices. Fix v ∈ U given by Lemma 2.3. Let s h ∈ γ h v be any maximizer of (2.4)
where -as throughout this proof -we use the operator norm of matrices. We have
v |, and in particular the fraction
is uniformly bounded for all small h > 0.
We ready to compare the weighted integral on the left-hand side of (2.3) to the corresponding integral with the weight frozen to its limit value W (x, v ⊥ ) (as h → 0). Straightforward estimates give
As f is bounded, the quotient
is bounded, and the matrix norm tends to zero as h → 0, the left-hand side of (2.6) tends to zero as well.
We may thus conclude that the limit on the left-hand side of (2.3) is the same as
That is, the weight can be frozen to its limiting value. The function f is constant, so up to that constant the integral is just the length of the geodesic segment in ∆. Lemma 2.3 shows that the characteristic function of a simplex satisfies (2.3) in the absence of weight. This concludes the proof.
Suppose Σ is a hypersurface containing the point x ∈ Int(M ) and Σ is a strictly convex in a neighbourhood of x. Let V be a small neighbourhood of x such that V \ Σ consists of two open sets which are denoted by V + and V − . We choose V + to be the one for which the boundary section ∂V + ∩ Σ is strictly convex. Next we state Lemma 2.5 that allows one to build a layer stripping argument that is used to prove Theorem 1.1.
Lemma 2.5. Let M be a C 2 -smooth Riemannian manifold, W ∈ C(M ; Mon(C k , C m )) and f : M → C k be a piecewise constant function. Fix x ∈ Int(M ) and let Σ be an (n − 1)-dimensional hypersurface through x. Suppose that V is a neighbourhood of x so that
• V intersects only simplices containing x, • Σ is strictly convex in V , • f | V − = 0, and • I W f = 0 over every maximal geodesic in V having endpoints on Σ.
Proof. The lemma follows from Lemma 2.4 using ideas developed in [ILS18, Lemma 5.1 and Lemma 6.2]. We summarize the idea briefly; details can be found in the cited paper. Consider two dimensions first. Take a unit vector v ∈ T x M pointing towards V + and h > 0. Define the geodesic γ h v as above. The weighted integrals of f over these geodesics vanish by assumption. By Lemma 2.4 and injectivity of W everywhere on the sphere bundle, we find that T x f integrates to zero over σ 1 v . This argument reduces the X-ray tomography problem on M to the corresponding problem on T x M . We have the freedom to vary the direction v, and any open set is sufficient. The Euclidean problem is unweighted and can be solved by explicit calculation; see [ILS18, Lemma 3.1]. The calculation is based on describing the direction v by a parameter and computing derivatives of high orders with respect to that parameter. That these derivatives determine the values of T x f in the cones uniquely boils down to the invertibility of a Vandermonde matrix.
In higher dimensions one can take a suitable two-dimensional surface through the point x and consider the problem on this submanifold. The above argument shows that f has to vanish on all simplices meeting x and this surface. There is sufficient freedom in choosing the surface so that all simplices are covered and thus the proof is complete.
2.3. Proof of Theorem 1.1. We are now ready to prove our main theorem. We begin with a local version.
Following [PSUZ16] , we say that a subset U ⊂ M has a strictly convex foliation if there is a strictly convex function φ : U → R so that the sets {x ∈ U ; φ(x) ≥ c} for all c > inf U φ are compact.
Theorem 2.6. Let M be a C 2 -smooth Riemannian manifold with strictly convex boundary and dim(M ) ≥ 2. Suppose that a subset U ⊂ M has a strictly convex foliation. Let W ∈ C(M ; GL(k, C)) and f : M → C k be a piecewise constant function. If I W f = 0 for all geodesics in U , then f | U = 0.
Proof. The proof is very similar to that of [ILS18, Theorem 5.3 and Theorem 6.4], and we only give an outline.
The set U can be foliated by strictly convex hypersurfaces, and we are interested at the times when the foliation meets a new simplex. It suffices to prove local injectivity in the neighborhood of a strictly convex boundary point -a point on the leaf of a foliation -whenever a new simplex is met. If the point meets only one new simplex, then one can use a sequence of short geodesics that pass the simplex and argue as in Lemma 2.4 to see that f has to vanish in the simplex. If the point meets more simplices, we are in the setting of Lemma 2.5, and we can conclude that the function vanishes on each new simplex. Theorem 2.6 has also corollaries analogous to [ILS18, Corollaries 6.5-6.7] but we omit them here.
Proof of Theorem 1.1. Under the assumptions there is a global foliation: we may choose U = M in Theorem 2.6. See [PSUZ16, Section 2] for details. The proof is complete.
